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then taking derivative, we have
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(h) Iny = coszInz, then ¢’ /y = —lnz - sinz + (cosz)/x, % = 2°®%(—Inz -sinx + COSI)
(i) = = tany. Then taking derivative respect to z, we get 1 = 9y Notice tan®y = 1;5:;2” =
x?, cos?y = ﬁ Therefore % = x21+ T

2. Taking z = 1,5y = 0, LHS =1+ 2-0+ 0% = 1 = R.H.S, hence (1,0) is on the curve C. Taking
derivatives of 23 + 2xy + y? = 1 with respect to =, we have 322 + 2(y + zy’) + 2yy’ = 0, hence

;o _33:2 + 2y
2z +2y
The tangent at (1,0) is then 3|10y = —%7 and the tangent line is therefore
3
y= —5(35 - 1.
3. Proof. Taking derivatives of the equation f(—z) = —f(x), using chain rule, we have L.H.S =

f'(—=z) - (—z) = —f'(—z) and R.H.S = —f'(x), therefore f'(—z) = f(z).

4. (a) f(0)=1, and
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Therefore lim,_, w = 1. Hence f(x) is differential at x =1 and f/(0) = 1.
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142z, if >0,

flx) =141, if =0,
1, if x<0.
First notice f/(0) = 1.
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Therefore f’'(z) is not differentiable at x = 0.

lim 7f(x) -0

1
= lim zsin(—) = 0.
x—0 €T x—0

2
(The last equality is by Sandwich theorem, since 0 < |z| - |sin(Z3)| < |2|.) Therefore f(z) is

differentiable at x = 0 and f/(0) = 0.
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f'(z) is not differentiable at = 0. The reason is, consider the limit

by T @Oy 1 1 1

=2sin— —2— cos —.
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Consider the sequence

Then z,, — 0, and
h(zy) = sin(27n) — 2(27n) cos(2mn) = —4mn.
When n — oo, h(x,) does not have limit. Therefore lirr%J h(x) does not exist. By definition,
z—
f'(z) is not differentiable at x = 0.

Remark. Since a function F(z) is differentiable at x = 0, implies F(z) is continuous at

2 = 0. Hence one can also directly show f’(z) is not even continuous at z = 0: lin%) f(x)
T—r

1
does not exist. The reason is, since the first lim0 2z sin(—;) = 0 by sandwich theorem, assume
T—r X

1 1
lim f/(0) = A for some real number A € R, then this would imply lim —2— cos —=A-2
z—0 z—0 x X

exists. But
(2) 21 1
T) = —2—cos —
g x x?
does not have a limit when x — 0, for example, if we take

1
V2™

LTy =

Then lim =z,. But
n— oo
g(xn) = —2v2mwn cos(2mn) = —2v2mn

does not have a limit as n — oo (it ’has limit —oc0’). Contradiction. Therefore f/(x) is not

continuous at x = 0, therefore is not differentiable at x = 0.



6. The equation given in this exercise is:

flx+y)=f(@)+ fly) + f(x)f(y) forall z,y€cR (1)

Proof.

(a)

(i). Take y =0 in (1), we have
fO)1+ f(x))=0 forall zeR (2)
(if). Take x= 0 in equation (??) we have

f(0)A+£(0)) =0.

Therefore f(0) = 0 or f(0) = —1. If f(0) = —1, then from equation (??) we have
f(z) = —1for all z € R. This contradicts with f(z) is a non-constant function. Therefore
7(0) = 0.

(iii). Suppose that f(yo) = —1 for some yo € R, then from (?7?)

f(x) = f((z=yo)+yo) = f(x—yo)+f(yo)+f(x—y0) f (o) = f(x—yo)—1—f(z—yo) = —1,

for all x € R. This again contradicts with f(z) is a non-constant function.

F@) =G +5) = FG) + G+ 5P =+ F(5)° —12 1.

But since we already show, f can never have value —1, f(§) # —1, therefore f(z) > —1.

Take x = x,y = h in (?7?), we have

f@+h) = f(z)+ f(h) + f(x)f(h)

Therefore for any given z € R, we have
_fl@t+h) - fl=) - f(h)
tim PEEL 2T ) 1) i 20 — () + 1),
Hence f(z) is differentiable, and f’(z) = a(1 + f(x)). If a = 0, then f'(z) = 0, f(x) is a
constant function, contradiction. Therefore a # 0.

Since

(1 + @) = TE s =

Therefore In(1 + f(x)) = ax + C, for some constant C. But we know f(0) = 0, therefore
In(140)=a-0+C, we get C =0. Hence In(1 + f(z)) = az, and f(r) =e** — 1.

Consider f(z) = In(1 + ), which is differential function for © > —1. For x > 0, apply mean

value theorem, there exists ¢ € (0, z) such that

In(z+1)—Inl

!
. 7).
ie.
In(z4+1) 1
T S 1l+4c¢
From 0 < ¢ < z we get
1 1
n(z+1) <1:1
1+ T 1



(b) Cousider the f(z) = 2™, (n > 1) which is differential function for > 0, and let 0 < y < z.

Apply mean value theorem, there exists ¢ € (y,x) such that

flz) = fy)

!/
= C,
Ty f'(e)
ie.
n n
T Y et
=Yy

Since 0 < y < ¢ < x, we obtain

ny" Hx —y) < 2" —y" < nz" " Hx —y).

2x 23
rz 13 Then f(0) =0, and when x > 0, we have
f/(QT)_ 1 4 ﬁ__M<O
Cl4z (z+2)2 4 4+ D@+2)2 T

Then when > 0, f(x) < f(0) =0.

8. Let f(x) =In(l+z) —

Remark. One can also see this from, when z > 0,

, 1 4 z? z? z?
() = - N )
x+1 (x+2)2 4 (x+ 12422 4

(x +n+1)"*t

. Then when z > 0,

x(x+n+1)"

> 0.
(z + n)ntl

f'(x) =

1
Therefore f(z) is strictly increasing on (0, 4+00). Notice f(z) = (x+n)(1+ T)"H is continuous
T+n

on [0, 4+00), hence we have lim,_,o+ f(z) < f(1), i.e.

1
1 77’L+1< 1 1 771#»1.
n(1l+ )" < (L n) 1+ —)

But the left hand side is just (14 n)(1+ +)™. Therefore we are done.
10. (a)
Inz -1
W(x) = ——nr.
() (Inx)?
When 2 = e, h/(z) = 0; When 1 < z < e, h'(z) < 0; When & > e, h/(x) > 0. Then x = e is
the minimum point of h(z). Therefore h(z) > h(e) = e for all z > 1.
(b)
f'(x) ="z~ (b — zInb).

b b
When z = iy’ f(x) =0; When 1 < z < ™A f'(z) > 0, therefore f(x) is strictly increasing

b b, _ . . b
n (1, m), When z > A f'(z) <0, therefore f(x) is strictly decreasing on (m, +00).

b
(¢) From (a) we know e < YA Therefore for given a,b such that 1 < a < b < e, then 1 < a <

b< % From (b) we have f(a) < f(b), i.e.
n
a® v
bia < ﬁ _— ]..

Therefore a® < b®.



